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Abstract 

In this article we introduce the notion of fundamental solution in the Colombeau context as an 
element of the dual £(C/c(R"), C). After having proved the existence of a fundamental solution for 
a large class of partial differential operators with constant Colombeau coefficients, we investigate 
the relationships between fundamental solutions in £(5c(R"),C), Colombeau solvability and Q- and 
C/°°-hypoellipticity respectively. 



Introduction 

The purpose of this paper is to address a main question in the theory of partial differential operators 
with constant Colombeau coefficients: what is a good notion of fundamental solution in this setting? 
With the adjective good we intend to look for a definition able to provide a successful tool of investigation 
for issues as Q- and t7°°-hypoellipticity and Colombeau solvability. As it is common in the recent research 
work within Colombeau theory (see [3, 4, 5, 7, 8, 10, 11]), we aim to develop a new set-up of concepts 
and properties by means of which to achieve statements modelled on well-known classical results of 
distribution theory. More precisely, given a partial differential operator P{D) = '}2\a\<m^aD°' with 

coefficients in the ring C of generalized numbers, we want a notion of fundamental solution E such that 
the Q- and the f/°°-hypoellipticity of P{D) may be understood by looking at E outside the origin and 
such that a solution u in the Colombeau algebra 5(M") of the equation P{D)u — v may be found as the 
convolution product E * v when v has compact support. 

Differently from some previous attempts due to Pilipovic and alii [20, 21] we settle ourselves in the dual of 
the Colombeau algebra t/c(R") instead than in the usual Colombeau algebra tJ(R"). This means to take 
the canonical embedding id{^) of the distributional delta into the dual £(t/c(M"), C) and to consider the 
equation P{D)E = id{S) in the dual context. It follows that for the first time a fundamental solution E of 
the operator P{D) is defined not as a generalized function in 5(M") but as a functional in C{Gc{^"),'C). 
The results achieved in the paper prove that this is a good notion of fundamental solution. 

In the sequel we describe the contents of the sections in more detail. 

Section 1 collects some preliminaries of Colombeau and duality theory. In view of the techniques which 
will be employed in the sequel, we focus our attention on the convolution product between Colombeau 
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generalized functions and functionals and on the Fourier-Laplace transform in the algebra 5c (K") of 
generalized functions with compact support. 

Section 2 is the mathematical core of the paper. Making use of some results due to Hormander [14, 
Chapter III], [16, Chapter X], wc prove an adapted version of the Malgrangc-Ehrenpreiss Theorem for 
fundamental solutions in the dual C{Qc{^"'), C). More precisely, we prove that under a certain assumption 
of invertibility in a point of the generalized weight fimction P{£,) := (X^q, \d"P{0\^) ^ i corresponding 
operator P{D) admits a fundamental solution E in £{Qc{M.^),C) which can be defined by a moderate net 
{Eg)g of distributions. This kind of net cannot be regarded as a rcprcsc;ntative of a Colombeau generalized 
function but becomes meaningful in the dual context as a functional with "basic structure" . The notion 
of basic functional has been introduced in [7, Section 1] and turns out to be crucial in many technical 
issues concerning regularity theory and microlocal analysis (see [7, 8]). As a straightforward application of 
the previous existence theorem we investigate the solvability of the equation P{D)u = v in C{Qci^'^), C) 
when the right-hand side is compactly supported. The family of evolution operators with respect to the 
halfspace Hn = {x & M" : x„ > 0} is the last topic of Section 2. In Subsection 2.3 we provide a condition 
on the generalized polynomial of P{D) which is siifficicnt to claim that P{D) is an evolution operator 
with respect to Hn and we discuss some explanatory examples. Our interest for fundamental solutions 
in £(C/c(K"), C) supported in a certain halfspace is motivated by the desire of developing in the future a 
theory of generalized hyperbolic operators (with constant Colombeau coefficients) based on the support's 
properties of the corresponding fundamental solutions. 

Section 3 shows that the G- and t/°°-hypoellipticity of a partial difi^erential operator P{D) with coefficients 
in C may be characterized by making use of the fundamental solutions. In analogy with the classical 
theory of operators with constant coefficients we obtain that P{D) is (^-hypoelliptic if and only if it 
admits a fundamental solution E g £(C/c(K"),C) with basic structure which belongs to Q outside the 
origin. The same assertion holds by replacing G with 5°°. After having introduced a notion of G- and 
fj°°-ellipticity by means of different invertibility conditions on the principal symbol we employ the new 
fundamental solution methods in proving that ellipticity implies hypoellipticity in our generalized setting. 

The recent investigation of the G- and 5°° -regularity properties of generalized differential and pseu- 
dodifferential operators in the Colombeau context [3, 10, 11, 12, 17, 18] has provided several sufficient 
conditions of G- and fJ°°-hypoellipticity, i.e. hypotheses on the generalized symbol of the operator P{D) 
which allow to conclude that a basic functional T G £{Gc{^^),'C) is actually a generalized function in 
5(M") or 5°°(R") when P{D)T belongs to 5(M") or g°°(]R") respectively. The search for necessary con- 
ditions for G- and ^7°° -hypoellipticity has been a long-standing open problem. A necessary condition for 
5°°-hypoellipticity on the symbol of a partial differential operator with generalized constant coefficients 
has been obtained for the first time by the author in [8], by means of some functional analytic meth- 
ods involving the closed graph theorem for Frechet C-modules. Since these methods cannot be directly 
applied to the t^-hypoellipticity case this part of the necessary conditions' problem has been open so 
far. In this paper, making use of the characterizations of G- and 0°°-hypoellipticity which come from 
the existence of a fundamental solution in £(5c(K"), C) and of the Fourier-Laplace transform defined on 
Gci^") we achieve a necessary condition for hypoellipticity in both the G- and G°°-cases. This result 
involves partial differential operators P{D) whose weight function P is invertible in some point of K". 
The necessary condition for 5°°-hypoellipticity obtained in this paper coincides with the one formulated 
in [8] even though the methods employed in the proofs are completely independent. 

Some interesting examples of fimdamental solutions in C{Gc{^"'),C) are collected in Section 4. Among 
them we consider a distributional fundamental solution of the operator (di...dn)^ and we derive a structure 
theorem for basic functionals in the duals £(5c(]R"),C) and £(5(M"),C). For the sake of completeness 
and the advantage of the reader the paper ends with an appendix on the solvability of the equation 
P{D)u = V when v \s & basic functional in £(t/c(IR"), C). Inspired by the theory of Bp^k spaces developed 
by Hormander we investigate the solution u more deeply than in Section 2, pointing out some specific 
moderateness properties. 
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1 Preliminaries notions 



This section provides some background of Colombeau and duality theory for the techniques employed 

in the paper. Particular attention is given to the convolution product between Colombeau generalized 
functions and functional and to the Fourier-Laplace transform of a Colombeau generalized function with 
compact support. 

Before dealing with the major points of the Colombeau construction we recall that the regularity issues 
discussed in Section 3 will make use of the following concept of slow scale net (s.s.n). A slow scale net is 

a net {re)e e C(°'^] such that 

Vg > 3cg > OVe e (0,1] Irel" < Cge'^ 



1.1 Colombeau generalized functions and duality theory 

As pointed out in [4, 5, 6, 9] the most common spaces and algebras of gc!nc!ralized functions of Colombeau 
type can be introduced and investigated under a topological point of view by making use of the following 
models. 

Let Ehe & locally convex topological vector space topologized through the family of seminorms {pi}i^i. 
The elements of 



Me 
Me 



= e E^^'^l : Vi e 7 3A^ e N pi{ue) = 0{e-^) ass 0}, 

= {{U,)e e 3{0J,)e s.s.n. Pi{Ue) = 0{uJe) asE ^ 0}, 

= {{ue)e e :3NenyieI Pi{ue) = 0{e-^) ass 0}, 

= {{u,% e E^°'^^ : Vi e 7 Vg e N pi{u,) = 0(£«) as£ ^ 0}, 



are called iJ-moderate, E'-moderate of slow scale type, iJ-regular and S-negligible, respectively. We define 
the space of generalized functions based on E as the factor space Qe '■= M-e/Me- 

The rings C = Em/M of complex generalized numbers and K of real generalized numbers are obtained 
by taking E = C and E = M. respectively. R can be endowed with some more structure by defining the 
order relation: r < s if and only if there are representatives {re)e, (se)e with re < Se for all s. It follows 
that r e M is positive (r > 0) if there exists a representative (re)^ such that > for all s G (0, 1]. 
An element r of R is called strictly nonzero if there exists some representative {re)e and an m G N such 
that |re| > for all sufficiently small e. Finally a positive and strictly nonzero r € M is called strictly 
positive. This means that r^ > for some representative (re)e, some m G N and for all e small enough. 

For any locally convex topological vector space E the space Ge bas the structure of a C- module. The 
C-module G^^ := M.^§/Me of generalized functions of slow scale type and the C-module G'e •= M'^JMe 
of regular generalized functions are subrings of Ge with more refined assumptions of moderateness at the 
level of representatives. We use the notation u = [{us)e] for the class u of {us)e in Ge- This is the usual 
way adopted in the paper to denote an equivalence class. 

The family of seminorms {ftjig/ on E determines a locally convex C-linear topology on Ge (see [4, 
Definition 1.6]) by means of the valuations 

^^pMueJe]) ■■= yp,{{us)e) ■= sup{6 € M : Pi{us) = 0{e^) as £ ^ 0} 

and the corresponding ultra-pseudo-seminorms {Vi}i^i. The theoretical presentation concerning defini- 
tions and properties of valuations and ultra-pseudo-seminorms in the abstract context of C-modules is 
here omitted for the sake of brevity and can be found in [4, Subsections 1.1, 1.2]. 

In the current paper the valuation and the ultra-pseudo-norm on C obtained through the absolute value 
in C are denoted by v and | • |e respectively. The Colombeau algebra G{^) = Sm{^)/M{^) is obtained as 
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a C-niodulc of Gs-iypc by choosing E = £(n). The seminorms PK.iif) = sup^g^ \a\<i \9"'f{^)\^ whore K 
is a compact subset of fl, generate the family of ultra-pseudo-seminorms give 
to G{^) the topological structure of a Prechet C-module. We recall that Q. — > Q{Q) is a fine sheaf of 
diff'erential algebras on M" and that the constants of ^(M") are the elements of C. 

The Colombeau algebra Qc{^) of generalized functions with compact support is topologized by means of a 
strict inductive limit procedure. More precisely, setting Qk{^) '■= {u G Qc{^) '■ suppu C K} for if (£ fi, 
Qc{^) is the strict inductive hmit of the sequence of locally convex topological C-modules {QK„{^))n£n, 
where {Kn)n£n is an exhausting sequence of compact subsets of f) such that Kn C Kn+i- We recall 
that the space Qk{^) is endowed with the topology induced by SDj^,(a) where K' is a compact subset 
containing K in its interior. In detail we consider on Qk{^) the ultra-pseudo-seminorms 'PaK(n),n(w) = 
g-vft:,n(w) Note that the valuation Vi<-„(u) := Vp^, (u) is independent of the choice of K' when acts on 

Regularity theory in the Colombeau context as initiated in [22] is based on the subalgebra Q°°{^) = 
S^{n)/Af{n) of g{n) obtained as ^^^-space when E = S{n). The intersection of g°°(n) with ^;c(^^) 
defines e?~(0). We finally consider the Colombeau algebras GJW) = f j^(M")/A/>(K") and Q°°{W) = 
5^(IR")/A/'^(M") of generalized fimctions based on determined as Qe and spaces respectively 

by taking E = ,5^{W^). From a topological point of view Q,^{W^) and Q°°{Vl) arc Frcchct C-modules, 
Q'^iyt) is the strict inductive limit of a family of ultra-pseudo-normed C-modules and Q^iW^) is an 
ultra-pseudo-normed C-module. 

A duality theory for C-modules had been developed in [4, 5] in the framework of topological and locally 
convex topological C-modulcs. Starting from an investigation of C(Q,C), the C-module of all C-linear 
and continuous functionals onQ , it provides the theoretical tools for dealing with the topological duals of 
the Colombeau algebras gc(f^), Q{^) andfi^(R"). The spaces £(^(0), C), C{g^{n)X) and £(fi^(R"), C) 
are endowed with the topology of uniform convergence on hounded subsets (see [4, Remark 2.11]) and, as 
proven in [5, Theorems 3.1, 3.8], the following chains of continuous embeddings hold: 

(1.1) g^{n)cg{fi)cjC{g,{n),c), 

g^m c g,{n)ccigin),c), 
g^{R^) c a^(R") c /:(a^(R"),c). 

Since fl £(5c(^^))C) is a sheaf we can define the support of a functional T (denoted by suppT). In 
analogy with distribution theory from Theorem 1.2 in [5] we have that C{g{^), C) can be identified with 
the set of functionals in £(^c(f^)) C) having compact support. 

The Colombeau algebra ^(M") and its dual £(^(M"),C) are the natural setting where to define the 

Fourier transform T and its inverse . In detail we employ the classical definition at the level of 
representatives in ^(M") and the definition T{T){u) = T{T{u)) on the functionals T of £(^(M"),C). 
The reader may refer to [7, Subsection 1.4] for further explanation. Since gd^) C ^(M") we are already 
able to compute the Fourier transform of a Colombeau generalized function with compact support and 
we will extend J- : gd^) ^<^(R") to the Fourier-Laplace transform TC in Subsection 1.3. 

As already observed in [7, 9], the chains of inclusions in (1.1) make it meaningful to measure the regularity 
of a functional in £(0c(f^);<C) with respect to the algebras g{Q.) and g°°{Q.). We define the g-singular 
support of T (singsuppg T) as the complement of the set of all points x E fl such that the restriction of T 
to some open neighborhood of a; belongs to g{V). Analogously replacing g with g°° we introduce the 
notion of g^^ -singular support of T denoted by singsuppgooT. A microlocal analysis in the double g- and 
5°°-version has been developed in the dual £(5c(f^), C) by making use of the notions of g- and tj°°-wavc 
front set [7]. In this context a main role is played by the functionals in £(tJc(i^),C) and £{g{ft),C) 
which have a "basic" structure. In detail, we say that T G £(C/c(^^),C) is basic if there exists a net 
{Ts)s e ©'(0)(°'^1 fulfilling the following condition: for all if (s there exist j e N, c> 0, AT e N and 
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T] e (0, 1] such that 

(1.2) V/eC^(f2)V£e (0,7?] |T,(/)|<c£-^ sup \d"f{x)\ 

xeK,\a\<j 

and Tu = [{TsUe)^] for all u G Gc{^)- For shortness we denote the set of nets of distributions fulfilling 
the property (1 .2) by (C~ (Q) , C) . 

In the same way a functional T G C{Q{Q),C) is said to be basic if there exists a net {Tg)^ G £'{fl)^^'^^ 
such that there exist JsT (e f2, j G N, c > 0, A'' € N and rj G (0, 1] with the property 

V/GC°°(n)Vee(0,r?] |T,(/)| < ce"^ sup \d"f{x)\ 

xeK,\a\<j 

and Tw = [{T^Ue)s] for ah u G ^^(0). 

Clearly the sets £b(^c(^)j C) and £b(^(^)j C) of basic functional are C-linear subspaces of C{Qc{i^), C) 
and jC{Q{Cl),C) respectively. 

1.2 Convolution between generalized functions and functionals 

We recall some of the properties of the convolution product between functionals and Colombeau gener- 
alized functions which are employed in the course of the paper. We refer for definitions and proofs to 
[7]. 

Proposition 1.1. The C-bilinear map 

{S,T)^S*T:=SMix + y)) 

(i) from g^{W) X /:b(ac(M"),C) into g{W), 
(ii) from ^(R") x £b(^(K"),C) into Q{W'), 
(Hi) from a^(R") x rb(e(K"),C) into ^^(M"), 

(iv) from g^{W) x Cb{g^{W),C) into g°°{W), 

(v) from g°°{W) X Cb{g{W),C) into g°°{W), 

(vi) from q^(R") x Cb{g{W),C) into g^{W), 

(vii) from C{g{W),C) x £b(^'c(K"),C) into C{gc{W),C), 

(viii) from £(ac(K"),C) x £b(^'(K"),C) into £(ac(K"),C), 
(ix) from C{g{W),C) x £b(e'(K"),C) into £(a(M"),C) 

is separately continuous. Moreover, when at least one of the functionals S and T has compact support 
and T is basic, the inclusion 

supp(S' * T) C supp S + supp T 
holds. If also the functional S is basic then 

sing suppg {S *T) C. sing suppg S + sing suppg T 

and 

sing suppgoo {S *T) C. sing suppgoo S + sing suppgoo T. 
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Proof. We only prove the two final inclusions concerning the G- and the (^""-singular supports. Assume 
that T has compact support and take ip G C°°(IR") identically 1 in a neighborhood of singsuppg T. Then, 
we can write T = Ti + T2 with Ti tl^T G £i,{g{W'), C) and T2 := (1 - V)^ € Gd^"). It follows that 
S*T2 E ^/(M") while S*Ti is a generalized function on the open set {x : a; — suppTi C \ sing suppg S}. 
This means that 

sing suppg. {S *T) = sing suppg {S *Ti) C sing suppg S + suppTi C sing suppg S + supp tp. 

Since supp ip can be taken as close to sing suppg T as wc wish, we obtain the desired inclusion. The proof 
of the assertion with the t/°°-singular supports is analogous and left to the reader. □ 

Note that the convolution of two basic functionals is a basic functional too. The convolution S * T ciui 
be defined in many cases when neither S nor T has compact support. What we need is the proper map 
condition. 

Proposition 1.2. Let S e £{Gci^"'),C) and T G Cb{Gc{'^''),C) such that the map 

/X : supp S X supp T : {x, y) X + y 

is proper. Then the convolution S *T can be defined as a functional in jC{Gc{^^),C). Furthermore, 
supp(<S' * T) C supp S + supp T. 

Proof. Let {Vk)k be an open covering of M" such that Vk-i Q Vk (e Vk+i. By the hypothesis on /i wc 
know that 7ri(/x~^(Vfe)) and 7r2(/x~^(Vfe)) are compact subsets of M". Let ^fc,i,^fe,2 € C^{W^) identically 
1 in a neighborhood of 7ri(/x~^(Vfc)) and 7r2(^~^(Vfe)) respectively. Then we can define the convolution 
product ^fc,i5 * (l>k,2T\vk as an element of £{Gc{Vk),C). This functional does not depend on the choice 
of the cut-off functions (j)k,i and (j)k,2- Indeed, given (pk,i and <j)k,2 with the same neighborhood-property 
we can write (j)k,iS * 4>k,2T\v^ - (j)'k,iS * 'P'ka'^Wk as 

(0fc,l - (l>'k,l)S * (l>k,2T\vk + (l>'k,lS * ((/>/c,2 - (j>'k,2)T\Vh, 

where both the summand are null. So, we can set (5* * T)k := 0fc,iS' * <j>k,2T\vk and since £(fJc(R"), C) 
is a sheaf it is enough to prove that the family {{S * T)k}keti is coherent in order to conclude that it 
uniquely defines a functional 5 * T in £(C/c(K"), C). One easily sees that if A; < A:' then {S * T)ki\vknVy = 
(5 * T)k'\v^ = cp'k^^S * (b'k^^Tlv, = (l>k,iS * 0fe,2T|v, = {S * T)k\v,nv,,- The inclusion supp(5 * T) C 
suppS* + suppT easily follows from the analogous inclusion in Proposition 1.1 and the definition of 
S*T. □ 

The following corollary is obtained by combining the previous definition of product of convolution with 

Proposition 1.1(m). 

Corollary 1.3. Let S € jC{Gc(^"')X and u € G0&") such that the map 

/U : supp S X supp u — > M" : (a;, y) — > a; + 2/ 
is proper. Then, S *u G ^(M"). 

Remark 1.4. Let F C M" be a closed convex cone which is proper in the sense that it does not 
contain any straight line. The corresponding map fj, : T x T : {x,y) ^ x + y is proper (as it 

is proved in [15], p. 104). Hence, the convolution makes the set {T G £b(5c(IR"), C) : suppT C F} an 
algebra. Finally, assume that F is a closed cone contained in iJ„ := {x e M" : a;„ > 0} such that 
F n {x : Xn = 0} = {0}. Then, the map : F x iJ„ M" : (x, y) — > x + y is proper. Indeed, given 
the bounded set {(x,y) : |x + j/| < C} if we suppose that there exist sequences (x„), (j/„) such that 
\xn + 2/n| < C with \xn\ 00 passing to subsequences we get that x„/|x„| x and yn/\yn\ —x for 
some X e F and some —x G Hn. Hence, x = which contradicts x„/|x„| — > x. 
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We finally consider the action of a partial differential operator with constant Colombeau coefficients on 
the convolution of two functional. 

Proposition 1.5. If P{D) is a partial differential operators with coefficients m C, S' G £(t/(M"),C) and 
Te£b(^'c(K"),C) then 

P{D){S * T) = P{D)S *T = S* P{D)T. 
The same equalities hold for S,T G jC{Qc{^'"),C) as in Proposition 1.2. 

Proof. If S has compact support then an inspection at the level of representatives shows that the following 
equalities hold for aU u e Qc{^^): 

P{D)S * T{u) = {P{D)S)^{Ty{u{x + y))) = S^C P{D){Tyu{x + y))) = SSP{D)T)y{u){x + y)) 

= S * P{D)T{u) = S^{TyCP(D)u{x + y))) = {S * T)CP{D)u) = P{D){S * T){u). 

We leave to the reader to check that the same result holds for S G £(5c(IR"), C) and T G £b(5c(R"), C) 
satisfying the proper map assumption of Proposition 1.2. □ 



1.3 The Fourier-Laplace transform in the Colombeau framework 

The purpose of this subsection is to deal with the Fourier-Laplace transform in the Colombeau framework 
of generalized functions with compact support. The collected material is a partial elaboration of [19, 21, 
26]. 

Let ^(C") be the space of all analytic functions on C" and a > 0. We denote the sets of all nets 

{u,)e G yl(C")^°'^l such that 

VMGN3iVGN3c>03r?G (0, 1] Ve G (0, ??], VC G C" \u^{C)\ < c£-^(l + ICD'^e"!^'"^^)!, 

3ArGNVMGN3c>03r/G (0,1]V£G (0,r/], VC G C" \u,{0\ < ce-^(l + ICD-^e"!''"^^)! 

and 

(1.3) VMGNVgGN3c> 0377 G (0,l]VeG (0,7?], VC G C" |u^(C)| < c£«(l + ICD'^e"!''^^^)! 

by f^£,a(C"), f^£,JC") and AA^£,a(C") respectively. 
We set 

and 

The following proposition shows that tlic' c;lassical Fouricr-Laplacc transform at the level of representatives 
allows to define the Fourier-Laplace transform of a generalized function in t/c(M") as an element of some 
factor space ^^£,a(C"). 

Proposition 1.6. For all M gN and a > there exists a constant CM,a > such that the inequality 

(1.4) l^£(«)(C)l < CM,a (1 + ICI)"''' sup |a"w(x)| sup e-i-(f) 

\a\<M,\x\<a \x\<a 

holds for all C € C" and for all u G C°°(R") with suppu C {a; : |a;| < o}. 
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Definition 1.7. Let u € C/c(M") with suppu C {a; : \x\ < a}. The Fourier-Laplace transform of 
u e 5c (K") is the generalized function 

TC{u){Q = [ e-'''^u{x)dx 

in ^/:F£,a(C") obtained by applying the corresponding classical transformation on the representatives of u 
having support contained in a compact subset K ^ {x : \x\ < a} uniformly with respect to the parameter 
e. 

The well-dofincdness of TC{u) in 5:F£,a(C") is guaranteed by Proposition 1.6. 

Indeed, if u E Gc{^") has support contained in {x : \x\ < a} then it has a representative (ue)e such that 
suppug C iiT (E {x : |x| < a} for some compact set K and for all e € (0, 1]. By Proposition 1.6 we have 
that {J^jC{ue))e S £j^c,a{C"). Moreover, when {u'g)e is another representative of u with suppwg contained 
in a certain compact subset K' of {x : \x\ < a} for all e, then the difference {u^ — u'^)^ satisfies (1.3) with 
a > as above. It follows that {u^ — u'^)^ E A/jF£.a(C") and that TC{u) E Gy^c.ai'C'"')- 

The following theorem provides a deeper investigation of the properties of J-C{u) and the expected 
Paley- Wiener type results. For technical reasons we will make use of the subset G_yr^ a(*^") '-'^ Gy^C,a(C") 
obtainc^d by assuming that the estimates which characterize the representatives hold in the whole interval 
(0, 1]. In the sequel, £'c,m(M") denotes the set of all nets {ug)s E £m{^^^) of smooth functions having 
support contained in a compact subset of K" uniformly with respect to the parameter e. Analogously 
one defines f ~m(I^") and 

Theorem 1.8. 

0') Ifu E g^{W) and supp?i C {x : \x\ < a} then TC{v) E Gpc.aC^")- 
(ii) If V E Q_j:j;i JS-^) then there exists u E Qc{KJ^) with suppu C {x : \x\ < a} such that 

(1.5) (^/:(«e) - V,), e M:FC,a'{C^), 

for all representative {us)s of u in 5c,m(K"'); for all representative {vs)£ of v and for all a' > a. 
(Hi) IfvG £^£^„(C") then {ii) holds with u e a~(K"). 

Proof, (i) Assume that u E 5^(R"). Taking a representative {us)e of u from (1.4) we get that J^£{us)s E 
^~£,a(C")- This means that J^C{u) E e?^£,„(C"). 

(ii) Let {vs)s be a representative of v. It has the property 

(1.6) VMGN3A^GN3c>0V£e (0,l]VCeC" |w,(C)| < ce-^(l + |C|)'^e'^|i'"^l. 
Replacing ( with ^ e R" and taking M = n + 1 in (1.6), we easily see that {vs)e & M z,i(M'>) and therefore 

(1.7) u,{x) = {2n)-" [ e'-^v.iOd^ 

gives a moderate net of continuous functions on M". Analogously the choice ofM = n-|-l + |a| in 
(1.6) for any a € N" makes us conclude that {ue)e is a net of smooth functions and more precisely that 
{Us)s € ^m(K"). Let u he the generalized function in 0{]R") generated by {ug)^. We want to prove that 
w|{x:|x|>a} = and that (1.5) holds. Since is analytic on C" the Cauchy's theorem applied to each 
variable Ci, Cn allows to shift the integration in (1.7) into the complex domain and to write 

ue{x) = {2n)-^ [ e-ft;e(C)rfC, 

JlmC=5o 
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where may be any point in M". From (1.6) we have that for some constant C" > (independent of ^o) 
the estimate 

(1.8) |we(a;)| < C£-^e"l«°l-"«° / (1 + |^|)-"-i d$ < C'e-^e'^l^"!-"^" 

is vahd for all x e M" and for all s G (0, 1]. Assume that \x\ > a and choose = tx/\x\ with t > in 
(1.8). This yields 

\u,{x)\ < C"e-V("-I^l). 

Letting t +oo we conclude that Ue{x) = for all e when |a;| > a. Hence, supp?i C {x : \x\ < a}. 
Finally, by construction it^(^) = We(C)- Since mJ(^) extends to an analytic function on C", by the 
uniqueness of the analytic continuation one has that TC{ue) = on C". It follows that the property 
(1.5) holds for the generalized function u constructed in this way. 

(in) It is immediate to check that when v G a('^") ^^^^ the generalized function u with representative 
(ue)^ defined in (1.7) by means of (ue)e e ^^£,„(C") belongs to g^{W^). □ 

Remark 1.9. The generalized function u G ^c(IR") with support contained in {a; : |a;| < a} and 
such that the second assertion of Theorem 1.8 is fulfilled is unique. Indeed, assume that there exists 
another u' G 5c(K") having the same properties. Then, the fact that {TC{ue) — Ve)e G J^j^c,a'{'^"') and 
{TC{u'^) — Ve)e € A/jFr.o'C^") leads to {TC{ue — «£))£ € AS^£,o'(C"). In particular this means that for 
all M, g e N there exists r/ e (0, 1] such that 

(1-9) |ti;(0-<(OI<^^(i + l^l)-'', 

for all ^ G R" and e G (0, 77] . Since, (u^ - uQe G f j^(M"), the characterization of the ideal A/XM") (see 
[5, Proposition 3.4]) allows to conclude from (1.9) that {ul — u'^^ S A/'^(]R"). By the injectivity of the 
Fourier transform on ^(M") we have that m = u' in ^(M") and since ^c(]R") is embedded in ^(K"), 
u = u' in ^;c(R")- 

Let now P(p) be a partial differential operator with coefficients in C. We leave to the reader to check 
that the equality 

(1.10) TL{Pu){Q=TL{u){C,)P{C,) 

holds in ^jC-£^(C") for all the partial differential operators P with coefficients in C and for all generalized 
functions u G Sc(K") with suppu C {x : |a;| < a}. Note that in the right hand-side of (1.10) the 
product between elements of 0^£,a(C") and polynomials with generalized constant coefficients is defined 
componentwise at the level of representatives and gives a generalized function in ^:F£,a(C"). Since the 
Fourier-Laplace transform extends the Fourier transform from real variables to complex variables in the 
classical distributional context as well as in the generalized Colombeau framework, we give to the three 
notations TC{u){C,), T{u){C,), u{C,) the same meaning. 

We conclude this section of preliminary notions by considering the Fourier-Laplace transform of u G 
5c(R") computed in the points of C" of the form (f -|- ir?„)^where G IR"-^ and C„,r?„ G R. More 
in general we will assume that rjn is a generalized number in R satisfying suitable logarithmic growth 
conditions as follows. 

Definition 1.10. We say that ^ G R" is of log-type if there exists a representative of ^ gW^ such 
that 1^,1 =0(log(l/£)). 

The previous condition can equivalently stated saying that the net (el^=l)£ is moderate. As proved in 
[8, Subsection 5.1.1] if C^G R" is of log-type then e'^l := (el«=l)e + ^f and e^^ := (e^«=)e -|-AA(R") are 
well-defined elements of R and (7°°(R") respectively. 

We are now ready to state the following proposition where we write any y G R" as {y' , yn) with y' G R"~^ 
and yn G R. 
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Proposition 1.11. 



(i) If u & ^c(]R") then for all rin of log-type the generalized function 



(1.11) (^',^„)^^£(«)(^',^„+i^„): = 



belongs to ^(M"). 

(n) Ifue (R" 



then (1.11) defines a generalized function in G^{W^). 



Proof. Let u G Gd^"") with suppu C {a; : \x\ < a}. Proposition 1.6 proves that the estimate 



(1.12) 



/ e "''Ue{x)dx 



< CM,a{^ + \C\y 



-M 



sup Id^Ueix)] e^l^'^^f)! 



\x\<a,\a\<M 



holds for all (u^)^ E £c,Aif(K") with suppue C {x : \x\ < a} and for all e e (0,1]. Honcc, taking 
C = (C')Cn + i'fln,s) in (1-12) and computing the derivatives in {^',^n) of the net in (1.11) it follows that 



(1.13) 



4^ I e-^(^'«'+^"«")e""'"'-Ue(x',a;„)cix'dx, 



<CM,a(l + iri + len|)- 



-M 



sup |5"(x"^4«e(x',x„))| e"!"--! 

|(x',x„)|<a,|a|<M 



By the log-type assumption on ry„ e R it follows that the net in (1.13) belongs to f^(]R"), f^(R") and 
A/>(R") when (ue)e is an element of fc,M(K"), £:~;i^(M") and jVc(K") respectively. 

In order to conclude that (1.11) gives a well-defined generalized function in ^(M") it remains to prove that 

its definition docs not depend on the representative of log-type of rjn- Let (r/e)^ and {r]'g)e be representatives 
of 77 such that (el''-l)e) and {e\<\)e) are moderate. Since we already know that (e^"''".^)^ g f^(IR.) and 
^Qx„r]„,e _ ga:nr/„,e')^ g A/'(M) wc Can asscrt that for all e N there exists e<j e (0, 1] such that the estimate 



< C£« sup \Us{x',Xn))\ 

I (a:' I <a 



holds for all e G (0,e']. By the characterization of the ideal A/'^(IR") it follows that the net given by 
the integral above belongs to M^^iW^). As a consequence (1.11) defines a generalized function in ^(R") 
when u e 0c(K") and a generalized function in er~(R") when u e ^?~(R"). □ 

Remark 1.12. Note that if suppu^ C {a; e R" : a;„ > 0} for all s e (0, 1] then 

TC{Ue){i', in + lVn,e) = [ B-^^'"' Ue{x' , X„) dx' dx^ 

fulfills the following estimate 

\{x' ,Xn)\<a,\a\<M 



for all (^',^„) e R", for all r)n,e < and for all s € (0, 1]. 



2 Fundamental solutions in the dual of a Colombeau algebra 

In the sequel Ld denotes the embedding of X''(n) into the dual £{Gc{^), C) given by i.d{w){u) = [{w{ue))e], 
where w e V'{Q) and u e Gd^). 
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2.1 Definition 



Definition 2.1. Let P{D) he a partial differential operator with constant Colombeau coefficients. We 
say that E e £(ec(R"),C) is a fundamental solution of P{D) if P{D)E = La{S) in £{gc{W),C). 

2.2 The Malgrange-Eiirenpreiss Tiieorem for fundamental solutions in the 
space i:b(^c(K"),C) 

In this subsection we prove the existence of a fundamental sohition in the dual £(5c(R");C) for a large 
class of partial differential operators with coefficients in C. We begin by fixing some language and 
notations. 

Let P be a partial differential operator of order m with coefficients in C. Any net of polynomials {Pe)e 
determinated Jpy a choice of representatives of the coefficients of P is called a representative of P. Consider 
the function P : M" ^ M defined by 

\a\<m 

The arguments in [14, (2.1.10)] yield the following assertion: there exists C > depending only on m 
and n such that for all {Ps)e the inequality 

(2.14) P,{^ + ri)<{l + C\^\rPM 

is valid for all £,,ri G M" and all e G (0, 1]. When the function P : M" ^ K is invertiblc in some point 
of M" Lemma 7.5 in [17] proves that for all representative (P£)£ of P there exist N G N and rj G (0, 1] 
such that 

(2.15) m)>e''a + c\^o-c\r"', 

for all ^ € M" and e G (0, tj]. Note that the constant C > is the same appearing in (2.14) and £^ comes 
from the invertibility in M of P(^o). 

We finally recall that /C is the set of tempered weight functions introduced by Hormander in [14, Definition 
2.1.1], i.e., the set of all positive functions k on M" such that for some constants C > and N gN the 
inequality 

ki^ + v)<a + c\^\)''k{n) 

holds for aU^,r/e]R". 

Definition 2.2. Ifk&K andp G [1, +oo] we denote by Sp_fc(R") the set of all distributions w G ^'(M") 
such that w is a function and 

\\w\\p,k = i2n)-^kw\\p < 00. 

The inequality (2.14) says that P^ is a tempered weight function for each e so it is meaningful to consider 
the sets j^{M."-) of distributions as we will see in the next theorem. 

Theorem 2.3. To every differential operator P{D) with coefficients in C such that P(^) is invertible in 

some ^0 € M" there exists a fundamental solution E G £b(^^c(]R"), C). More precisely, to every c > and 
{Pe)e representative of P there exists a fundamental solution E given by a net of distributions {Es)^ such 
that £'£/cosh(c|a;|) G ir(R") and for all e 

cosh(c]a;|) 

where the constant Co depends only on n, m and c. 
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The proof of Theorem 2.3 requires some technical preparation which consists in recaUing and applying 
some classical results due to Hormander [14, Chapter III], [16, Chapter X] to the representing nets {Pe)e 
of polynomials with generalized constant coefficients. 

Lemma 2.4. Let A be a bounded subset of M" such that no polynomial of degree < m vanishes in A 
without vanishing identically. Let us set 

A' = {k9/m; < fc < m, 9 € A}, 

where k is an integer. Then there is a constant C > such that 

p(0<Csup inf \p{^ + ze)\ 
0eA' kl=i 

for all polynomials p of degree < m and every complex ^. 

Lemma 2.4 is proved in [14, Chapter III] and applies to nets (Pe)e of polynomials of degree < m. In 
particular, there exists C > such that for all nets {Ps)s the equality 

(2.16) 'PeiO < C sup inf \P,{^ + ze)\ 

eeA' |2|=i 

holds for all ^ G C" and for all e G (0, 1]. We are now in the position of stating the following proposition 
whose proof is a straightforward application of Theorems 3.1.1 and 3.1.2 in [14] to the net Pe{D). 

Proposition 2.5. Let A! be a finite subset of the sphere |^| < c such that (2.16) is valid for every net 
{Pe)e of polynomials of degree < m. Let us fix a net {Ps)s o-nd let (pe,e, € A' , e € (0, 1] be measurable 

functions in M" such that ips.e > 0; See A' '~P^-^ ^ ^ ''•^'^ 

(2.17) ^eAO > PeiO < C inf |P,(^ + ze)\. 

\z\ = l 

Then the formula 

(2.18) Mu) = {2n)-J2 f ^oAOd^i- f piV^ T "eCr(R"), 



defines a fundamental solution E^{u) := * ■u(O) of Pe{D) such that cosh(c|a;|) e B 
Moreover, there exists a constant Co depending only on n, m and c such that 



OO.Pe 



cosh(c|x|) 



_<Co 

00,Ps 



for all s G (0, 1]. 



The proof of Theorem 2.3 is at this point just a matter of combining the invcrtibility of the general- 
ized weight function P(^) in with the nets of fundamental solutions (-Ee)e of (Pe(D))e provided by 
Proposition 2.5. 

Proof of Theorem 2.3. Let us fix a representative {Pe)e of P and consider the corresponding net {Eg)^ G 
D'(M")(o.il given by (2.18). It determines a basic functional E in £(^c(R"),C). Indeed, from (2.17) we 
have that 

for all u G C^(R") and all e G (0, 1]. The invcrtibility of P in some point yields that the estimate 
<C"e-^V/ / {l + \^\r\u{^ + ze)\d^dz<C"s-^ sup \d^u{y)\ 

gg^, J|2| = l JR" y^K,\0\<m+n+l 



12 



is valid for all u E C^(R") when e is small enough. It follows that the net (-E'e)e gives a basic functional 
E e £(C/c(M"), C). By construction we have that E{u) = u(0) is a basic functional in /:(^c(K"), C) 
such that P{D)E = id{S). Finally, let (E^)^ be the net of distributions given by Eg{u) = E^ *u{0) where 
(i?e)e is defined by {Pe)e as in (2.18). This net generates the basic functional E and by Proposition 2.5 
we know that cosh(c|x|) G /r(K") with ||£;£/cosh(c|x|)||_^ < C'o for all e. □ 

Theorem 2.3 entails the following solvability result. 

Theorem 2.6. Let P{D) he a partial differential operator with coefficients in C such that P is invertible 
in some G IS^"- Then the equation 

(2.19) P{D)u = v 

(i) has a solution u G g{W) ifvG C?c(K"), 

(ii) has a solution u e a~(K") if v & ^^^f (K"), 

(ni) has a solution u e C{gc{R"),C) if v E £(^(R"),C), 
(iv) has a solution u G /:b(^'c(R"), C) ifvG £b{g{W^),C). 

Proof. Let E G £b(5c(IR")iC) be a fundamental solution of P{D) whose existence is guaranteed by 
Theorem 2.3. Combining Proposition 1.1 with Proposition 1.5 we have that u = w * is a solution of 
equation (2.19). Indeed, P{D)u = P{D){v * E) = v * td((5) = v. More precisely, u G g{W) if v € ^^c(K") 
and u G a°°(K") if v G g^{W). When u is a functional in jC{g{W),C) then u G £(e?c(K"),C) and in 
addition u is a basic functional if v is basic itself. □ 

Remark 2.7. The first assertion of Theorem 2.6 was already proven by Hormann and Oberguggenbcrgcr 
in [17, Theorem 7.7]. In the course of the proof the authors define a representative (ue)^ of the solution 
u as the convolution {E^ * Ve)e, where {vs)e is a representative of v and (Se)^ a net of distributional 
fundamental solutions of Pe{D). Since the dual £(0c(K"),C) does not appear in their mathematical 
framework, they do not view (i?e)e as a net defining a generalized object. They immediately consider 
the class in t/(K") generated by {E^ * Ue)^. 

A deeper investigation of the solvability of the equation P{D)u = v, when the right-hand side has 
compact support, is postponed to the appendix at the end of the paper and modelled on the classical 
sources [14, 16]. 

2.3 Application to evolution operators 

In the sequel we set i?„ = {x G M" : a;„ > 0}. 

Definition 2.8. A partial differential operator with constant Colombeau coefficients, defined on M", is 
called an evolution operator with respect to Hn if it has a fundamental solution in £b(^c(R")jC) whose 
support is contained in Hn- 

The definition of evolution operator entails the following solvability results. 
Theorem 2.9. Let P{D) be an evolution operator with respect to Hn . 

(i) If V G 5c(K") then the equation P{D)u = v has a solution u G 5(M") with 

suppu C {a; G R" : a;„ > inf{y„ : y G suppt;}}. 

(ii) {i) holds with g^iW) andg{W^) substituted by £{g{W),C) and £{gc{M."'),C) respectively. 
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(Hi) Ifv G £(C/c(K"), C) has support contained in a closed cone T C iJ„ such that rn{a; : a;„ = 0} = {0} 
then the equation P{D)u = v has a solution in £{Gc{^^),'C) with suppu C H'„. 

Proof. Let E S £b(5c(R"), C) be a fundamental solution of P{D) with suppi; C iy„. From Theorem 2.6 
we have that u = v*E is a. solution of the equation P{D)u = v which belongs to Q{W^) when v G QdP-") 
and to >C(C/c(IR"), C) when v e £(5(R"),C). In particular by the theorem of supports we obtain that 
suppu C supp_B + suppw C Hn + suppw. This means that suppw C {x G R" : x„ > inf{2/„ : y G 
suppw}}. Finally, assume that v G £(5c(K"),C) has support contained in a closed cone T C iJ„ such 
that r n {cc : a;„ = 0} = {0}. Since supp£^ C Hn then by Proposition 1.2 and Remark 1.4 we conclude 
that V * E \s & well-defined element of C{Qci^"'),'C) with support contained in Hn and clearly a solution 
oiP{D)u = v. □ 

We provide now a condition on the generalized polynomial of P{D) which is suSicient to claim that P{D) 

is an evolution operator with respect to Hn- In the course of the proof of Theorem 2.10 we will use the 
fact that if T G £(^(M"), C) and u G Q{W) then uT{v) := T{uv) defines a functional in C{gc{W'), C). 

Theorem 2.10. Let P{C) = J2\a\<m^'^(°^ ^ polynomial on C" with coefficients in C fulfilling the 
following conditions: 

(i) there exists a choice of representatives (aa,e)£ ofoa, 

there exist a net {cs)^ G M*^°'^l of the form c^ = cutg, c < 0, with the property 

3co, a > Ve G (0, 1] cqs" <ui^< log(l/e) + 1 

and there exists a constant £o > such that 

I Q I < m 

for all £ G (0,eo]; for all ^' G M"^"'", for all (n = S,n + iVn with rjn < Ce! 
(a) the coefficient of the highest power of (n in P is an invertible element of C 

Then P{D) is an evolution operator with respect to Hn- 

Proof of Theorem 2.10. By assumption (ii) we can write the polynomial Cn) as 

A(c^+cr^Pi(o+...+Pfe(0) 

where ^ G C is invertible, every Pj is a polynomial in ^' with complex generalized coeSicients and the 
integer k does not exceed m. The representing net {Pe{i' Xn))e satisfying condition [i) is of the form 

Ae{C,n - Al,£)...(Cn - ^k,e)-, 

where (^e)e is a representative of A and the (Aj ,;)£ are nets of functions of In addition from (i) we 
have that lm\j^s{^') > c^ for all j = l,...,k, for all ^' G M"~^ and for all e G (0,eo]- Combining the 
invertibility of A with the properties of {Pe{^\Cn))e we obtain that there exist ri G M and ei G (0, 1] 
such that 

(2.20) |P,(e',Cn)l >£''nCe-ImCn)*' 

for all ^' G R"^^, for all with Im^^ < Cg and for all e G (0,ei]. It follows that for fixed rjn,e = c'uje 
with c' < c we have 

\Pe{i',in+iTln,e)\ > [fie " Tl^^ef = S^HcWe " c'co^f > s"^' {c - c'f C^o^"" 
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for all ^' € R", ^„ e R and £ e (0, £i]. Hence, the net 



{Pe{C,^n+iVn,e))-^ £ € (0, £i] 

£e(ei,l] 



defines a basic functional S in £(^(IR"),C). 

Let r]n be the real generalized number defined by r]n,E = c.iVs- As mentioned in Section 1 the logarithmic 

growth condition on ?]„ yields the wcU-defincdness of c,,^ := [(c~^"'^"-^)^] as a generalized function in 
5°°(R"). We can now compute the inverse Fourier transform of S and define the basic functional 



of £(e?c(]R"), C). Let u G ^c(K") and u(x) := u{-x). By Proposition 1.11 we know that TC{u){-, ■+ir]n) 
is a generalized function in ^(R"). Moreover, ^~^(e,,„u) = (27r)~"^£(u)(-, • + irjn) and the definitions 
of S and E entails the equalities 



(2.21) E{u) = T-^S{er,Ji) = S{T-\e^„u)) = S{{2TTyTC{u){-, ■ + njn)) 



Note that (2.20) combined with Proposition l.ll(i) allows to write the integral in (2.21) for all e G (0, £i]. 
By Cauchy's theorem this integral does not depend on the constant c' < c which appears in the definition 

of {rin,e)e- 

We now prove that E \s & fundamental solution of P{D). Prom (2.21) and the equality (1.10) we have 
that 



(2.22) P{D){E){u) = E{ *P{D)u) = E{{P{D)uy) = 



(27r)-" / 



■ di' dir 



Ps{£,',in + i'nn,e) 

(27r)-" / TC{u,){£,', in + irin,e) di' d^r^ 1 = (27r)-" / TC{u){$;, in + iVn) de din. 

Applying again Cauchy's theorem at the level of representatives we conclude that 
(2.23) 

(27r)-" / J^C{u){i',in + irin) di' d^ = (27r)-" / J^jC{u){i' ,in) di' din = f ^i = u{0). 

^R" JR" Jm." 

Finally, a combination of (2.22) with (2.23) leads to 

P{D){E){u) = u(0) = u(0) = id{S){u). 

It remains to show that the support of E is contained in the region J7„. Let u G Gc(M^) with suppu C 
{x G R" : x„ > 0}. By Remark 1.12 we know that there exist £2 G (0, 1] and TV G N such that 

y{i',in) G R"V£ G (0,£2]VC' < cVr?e = c'oj^ \J^C{Us){i' , in + iVn,e)\ < £"^(1 + 1^1 + ■ 

Hence, from (2.21) and (2.20) we conclude that E{u) has a representative {E{u))e satisfying the estimate 



(2.24) \(E{u)%\<e-''-^^—-—^-—^[ 

(27r)"(c- c')'=cg£'*'= Jr" 



(l + lel + len|)"+^ 



di' din < Ce 



-N—n—ak 



{c-df 



for all £ G (0, £2] and c' < c. Since the left hand-side of (2.24) does not depend on c' < c, letting c' 
tends to —00 we conclude that the net {Eiji))^)^ is identically when e belongs to the interval (0,£2]. 
This proves that E{u) = for all u G t/c(R") with suppu C {x G M" : a;„ < 0} or in other words that 
suppiJ C Hn- □ 
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Example 2.11. We give a few examples of nets {Pe)e and corresponding generalized operators P{D) 
which satisfy the assumptions of the previous theorem. 

Let {ue)e e C^O'il and 

(2.25) Ps{^',^n+iVn)=t^n-Vn+U;,\^'f. 

Condition (ii) is trivially fulfilled. If RetOg > for all e and 7y„ < c < then Ps{^',^n + iVn) satisfies 
condition (i). Indeed, 

Re(Pe(C', + iVn)) = ReK)!^? - r?n > 
for all s e (0, 1]. Note that (2.25) gives the heat operator for We = 1 and the Schrodinger operator for 

LU^ = i. 

The previous example can be easily generalized without loosing the evolution operator's property. It 
suffices to take an invertible real generalized number a G R in the coefficient of ^„ + irjn- More precisely, 
let 

(2.26) Pe{^',^n+iVn) = ^e^n - a^TJ^ + ^ , 

where (ae)e G M^^'^l has the property > for some s e M and for all e G (0, 1]. Again, if Rewg > 
for all s and r/„ < c < we obtain that Re(P£(^', ^„ + irjn)) > 0. Note that due to the simple structure 
of the examples (2.25) and (2.26) one finds a net (ce)e which is constant. This does not happen in the 

following case. 

Let P{D) = dt + adx + b, with a, 6 G M. Fixing a choice of representatives {ae)^ and (6e)e we can write 

Pe{^1,^2 + im) = «(6 + Oe^) - asV2 + be- 
lt is clear that in order to fulfill the second condition of Theorem 2.10 we have to assume that a is 
invertible in R. Moreover, we easily see that -P£(^i,^2 + ivi) 7^ for all (^1,^2) in and for all e if and 
only if —asr]2 + be ^ 0. Hence, we can assume — 0^772 + &e > 0. This defines the net = |j which satisfies 
the hypotheses of the theorem if for instance there exist c, cq, ao > such that cqEq < ^ < log(l/£) + 1. 
This is the case of ^ < < ci and co£"° < < iHSiiZfi+i. 

c — ^ — ^ ^ — CCl — CCl 



3 Q- and ^°°-hypoellipticity and ellipticity 

Definition 3.1. Let P{D) be a partial differential operator with coefficients in C. P{D) is said to be 
fj-hypoelliptic if for any open subset Q. ofM." the equality 

(3.27) sing suppg, P{D)T = sing suppg, T 

holds for all basic functionals T G jC{Qc{Cl),C). Analogously, P{D) is said to be S°°-hypoelliptic if for 
any open subset fl o/R", 

(3.28) singsuppgoo P{D)T = singsuppgoo T 
for all basic functionals T e jC{Qc{^), C) 

Definition 3.1 can be equivalently stated by requiring that (3.27) and (3.28) are valid for all basic func- 
tionals of C{Gc(^"), C). Prom the pseudolocality property of P{D) it follows that P{D) is C/-hypoclliptic 
if and only if for all open subsets X of M" and all basic functionals T of £{gc{M.'"),C), P{D)T\x e g{X) 
implies T\x & Analogously, replacing Q with g°° we obtain another equivalent formulation of the 

^;°°-hypoellipticity of F(D). 
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3.1 Fundamental solutions of Q- and ^°°-liypoelliptic operators 

For operators with constant Colombeau coefficients the tj-hypoclhpticity as wcU as the C7°°-hypoeUipticity 
may be characterized making use of the fundamental solutions. We say that F £ £b(5c(K"),C) is a G- 
parametrix oi P{D) if 

P{D)F - id{S) e g{w) 

and that F e £b(^'c(R"),C) is a a°°-parametrix of P{D) if 

P(D)i^-id(5) ea°°(K"). 

Theorem 3.2. Let P{D) be a partial differential operator with constant Colombeau coefficients such that 
the function P is invertible in some point of R" . The following assertions are equivalent: 

(i) the operator P{D) is Q -hypoelliptic in R", 

(ii) the operator P{D) admits a fundamental solution E € >Cb(^^c(R")j C) with singsuppg E C {0}, 
(Hi) the operator P{D) admits a Q-parametrix F G £b(5c(K"),C) with singsuppg F C {0}. 

The same kind of equivalence holds with -hypoelliptic, singsuppgoo and Q°° -parametrix in place of 
Q -hypoelliptic, singsuppg and Q-parametrix respectively. 

Proof. We begin by considering the ^-case. Since suppg = {0} from Theorem 2.3 we have that 

(i) (m) {Hi). We now want to prove that (iii) implies (i). Let F G £b(5c(R"),C) be a Q- 
parametrix of P{D) with singsuppgF C {0} and ^ e C^(IR") be a cut-off function identically 1 in a 
neighborhood of the origin. Then, (1 - il))F e g{W) and i}F e C^o{Q{W),C). It follows that 

P{D)F = P{D){1 - ^)F + P{D)i^F = Ld{5) + v, 

where P{D){1 - tP)F and v belong to g{R"-). 

We have to prove that for all open subsets X of M" and all basic functional T of >C(^c(IR"), C) if 
P{D)T\x e GiX) then T\x G GiX). Equivalently we shall show that T\x, G GiXi) for any relatively 
compact open subset Xi oi X. Let a G C^{X) be a cut-off function identically 1 in a neighborhood of 
Yl. By construction P{D)aT G £b(^(R"),C) and {P{D)aT)\x, G g{Xi). Computing the convolution 
between P{D)aT and F we have that 

P{D)aT *F = aT* P{D)F = oT * {id{6) -\- v) = aT + aT * v 

and therefore 

aT = P{D)aT *F + w 

for some uj G t?(M"). The assertion in Proposition 1.1 concerning the ^-singular support of the product 

of convolution and the properties of F lead to 

(3.29) sing suppg aT C sing supp^ P{D)aT + = sing suppg P{D)aT. 

Since {P{D)aT)\x^ G Q{Xi) the inclusion (3.29) entails singsuppgoT C R" \ Xi. This shows that 

Tlx, e g{x^). 

The chain of implications [i) => {ii) => {Hi) is also clear in the 5°°-case. Let now F be a basic functional 
in £(^c(K"), C) which is a ^°°-parametrix of P{D) with singsuppgoo F C {0}. Then P{D)F = id{S)-\-v, 
where v G Q°°{M."). We have to prove that for all open subsets X of M" and all basic functionals T of 
£{g^{W''),C) if P{D)T\x G g°°{X) then T\x G g°°{X). Taking Xi and a as above we conclude that 
aT = P{D)aT * F + u; for some w G 0°°(IR"). Hence 

singsuppgoo aT C singsuppgoo P{D)aT C M" \ Xi 

which implies that T\x^ G ^?°°(Xi). □ 
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In the statement of the previous theorem we actually know that sing suppg E = {0} and sing suppg F = 
{0}. Moreover, all the fundamental solutions of a Q— or ^°°-hypoelliptic operator have the same support 
properties. 

Corollary 3.3. Let P{D) be a partial differential operator with constant Colombeau coefficients such 
that the function P is invertible in some point o/M". 

(i) If P{D) is Q -hypoelliptic in M" then all its fundamental solutions in C\^{Qc{W^), C) have the set {0} 
as Q -singular support. 

(a) If P{D) is Q°° -hypoelliptic in M" then all its fundamental solutions in Cb{Qc{^'^),C) have the set 
{0} as G°° -singular support. 

Proof. By Theorem 3.2(m) we know that when P{D) is ^-hypoelliptic then it admits a fundamental 

solution E e /:b(^/c(K"),C) with singsuppgS = {0}. Let T € /;b(t/c(K"), C) be another fundamental 
solution of P{D). The difference i? — T is a solution of the homogeneous equation given by P{D) then 
singsupp0(-E — T) = 0. This means that T = E -\- v, where v G Q{M."') and therefore singsuppgT = 
singsuppg E = {0}. The proof of the second assertion consists in replacing Q- with Q°°-. □ 



3.2 0- and ^°°-elliptic operators 

We now deal with the important class of ^-elliptic and ^""-elliptic operators. Before stating the definition 
we recall that r € C is slow scale-invertible if there exists a slow scale net {cOs)e and a representative {re)e 
of r such that |re| > uj^^ for e small enough. 

Definition 3.4. A partial differential operator P{D) of order m with coefficients in C is said to be 
G -elliptic if the generalized number 



(3.30) 



inf \PmAO\ 



is invertible. 

It is said to be 0°° -elliptic if the generalized number in (3.30) is slow scale-invertible. 
Since, given two different representatives {Pe)e and {P^)e of P the inequality 

I inf |P„,,(OI - inf IPLAOW < sup \{Pm,e - P^^eWl 
l£l=i l€l=i |{|=i 

holds for all e, it follows that the generalized number in (3.30) does not depend on the choice of the 
representatives of the polynom P but on the operator P{D). In particular. Definition 3.4 means that for 
any choice of representatives of the coefficients of P(^) the net {Pm.e)e satisfies the estimate 

(3.31) |Pm,e(OI>£^ |C| = 1, ee(0,r,] 
when P{D) is ^-elliptic and the estimate 

(3.32) \PmAC)\>c7\ |^| = l,£e(0,r?], 

with some slow scale net (ce)^, when P{D) is ^""-elliptic. Note that it is not restrictive to assume that 
infe Ce > 2. 

Theorem 3.5. 

(i) If P{D) is a Q-elliptic operator with coefficients in C then it is Q -hypoelliptic in R". 

(ii) If P{D) is a Q°° -elliptic operator with coefficients in then it is Q°° -hypoelliptic in K". 
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The proof of Theorem 3.5 makes use of the foUowing two lemmas. 
Lemma 3.6. 

(i) Let P{D) he a Q-elliptic operator of order m with coefficients in C. Then there exist M e N, a e M 
and T] e (0, 1] such that 

iPe(e)i>£i^r 

for all ^ e M" with > e'^ and for all e £ (0, rj]. 

(a) If P{D) is a -elliptic operator of order m with coefficients in then there exist two slow scale 
nets {uig)s and {se)e o-nd a constant ri > such that 

\m)\>^7'\ir 

for all ^ e M" with \^\ > s^ and for all e € (0, rj]. 
Proof. 

(i) Combining (3.31) with the homogeneity of Pm,e{£.) we have that |PTO,e(^)| > e*"!^!™ for all £ € (0,771] 
with r]i small enough and for all ^ e M". Pe{£.) can be written as Pm,eiO Pm-i,eiO where Pm-i,s{0 — 
^\a\<m-i Ca.eC"- The moderateness properties of the nets {ca,e)e yield \Pm-i,e{0\ ^ £~^|^|"*~"^ for all 
^ e M" with 1^1 > 1, for some AT e N and for all e & (0, 772]. Hence for |^| > e"^"'-!, 

It follows that for |^| > e~^~'^~^ and e e (0,ry] with r] = min(?7i,r72, 1/2) the estimate 
holds. 

(ii) Analogously when P{D) is ^""-elliptic from (3.32) we have that 

\PmA0\>c7'\^r, eeM",£G (0,771], 

and by definition of slow scale coefficient we obtain the estimate 

\Pm-iAo\<ds\^n^r<cj'\^r, 

valid for |^| > dgC^ and for e e (0, 7/2] with 772 small enough. Thus, we conclude that 
for all (, with |^| > dgC^ and for all e G (0, 77] with 77 = min(77i, 772). 

□ 

Lemma 3.7. Let (p € C°°(IR") such that (p{^) = for \^\ < 1 and ip(i) = 1 for |?| > 2 and let {se)s be 
net of positive real numbers different from zero. 

(i) If (Se)e, {Se^)e G Sm then {A£.ISe) " l)e G £:^(M"); 

(ii) If {ss)s is a slow scale net with inf^ > then {(p{^/se) — 1)^ e f^(IR"). 



19 



Proof. We begin by observing that tp — 1 has compact support. Hence, for all a, /? G N" we get 
(3.33) sup l^d^i^i^se) - 1)1 < sup \ed^{^{^/se) - 1)1 < cs,-l'5l(2s,)l«l. 

The assertions (i) and (ii) follow easily from (3.33). □ 

In the proof of Theorem 3.5 we will refer to Lemma 3.7 and in particular to the fact that the net 
{(p{£_/s^) — l)e can define a generalized function in C/(]R") or Q°°{'R^) with an J^-moderate representative. 

Proof of Theorem 3.5. (i) Wc begin by assuming that P{D) is a C^-clliptic operator of order m with 
coefficients in C. By Lemma 3.6(z) we know that there exist M £ N, a € M and ry S (0, 1] such that 

|p.(0i>£icr 

for 1^1 > e-*f and e G (0,??]. It follows that taking ip e C°°(M") as in Lemma 3.7 the net 

determines a basic functional in C{g^^{W),C). Therefore, J'-'^S £ £b(fi^(lR"), C) and F{u) := T-^S{u), 
u e ^c(K"), is a basic functional in £(^c(K"), C). This is a S-parametrix of P{D). Indeed, the functional 

P{D)F{u) - La{5)u = S{J^-\*P{D)u)) - td{:F-H){u) 

on Qc{^^) can be represented by the integral 



/ ^fi,(^(e^O-l)W«.(a:)rfx. 



Since Lemma 3.7(i) implies that v := {T^}^^{^p{e'^ C) - 1))^ +^(M") is a well-defined element of g{W), 
we conclude that P{D)F — Ld{5) € tJ(R"). In order to complete the proof by Theorem 3.2(ui) it suffices 
to prove that singsuppgF C {0}. An application of [1, Lemma 6.8] shows that the net of distributions 
{F^)e ■= {J^^^Se)e in o$^'(M")(°'^l which determines F satisfies the following properties: for every a e N" 
and every e e (0,1] 

x^F, e C«(M"), 

with q = m+\a\—n—l and for all g M" and every /3 e N" with \l3\ < q there exists N gN such that 

sup \d'^{x"F,){x)\ = 0{e-^). 

xeK 

This means that away from the net (Fe)^ is moderate, i.e, (-F£1r"\o)£ G £m{^" \ 0). As a consequence 
singsuppg F C {0}. 

{ii) When P{D) is ^""-elliptic and has slow scale coefficients, we can substitute e*^ with the inverse of a 
slow scale net {.Ss)^ with inf^ > in the definition of the net {Se)e- By Lemma 3.7(ii) we deduce that 
V := {:F^X{'p{s-^0 - 1))^ + A/'(]R") belongs to g°^{W) and then P{D)F - id{6) e g°°{R"-). Finally an 
inspection of the proof of Lemma 6.8 in [1] shows that there exists a slow scale net {u)s)s such that 

sup Id^ix'^F.Jix)] = 0{u,), 

with a and f3 fulfilling the same assumptions as above. Hence, (F£)Rn\o)£ G f^(M" \ 0) and we conclude 
that singsuppgoo F (- {0}. □ 

Remark 3.8. For the sake of completeness we recall that the £^ -moderateness properties of the net 
of distributions (-Fe)^ have been already employed in [Proposition 5.4] [17] in order to investigate the 
C/°°-regularity of the operator P{D). In the proof of Theorem 3.5, {F^)^ is regarded as an element of the 
dual £(t/c(K"),C) and leads to g°°- as well as t/-regularity results for the operator P{D) acting on the 
dual£(ac(K"),C). 
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3.3 Necessary condition for Q- and ^°°-hypoellipticity 

We prcscint now a necessary condition for Q- and 5°°-hypoellipticity. We employ an analytic method 
based on the estimates for the Fourier Laplace transform of a Colombeau generalized function worked 
out in the first section of the paper. Note that the necessary condition for 5°°-hypoellipticity formulated 
in Theorem 3.9 is independently obtained in [8, Theorem 5.5] via a functional analytic method. 

For technical reasons we will make use of the set of generalized points of log-type. We recall that when 
e C" then Im^ = (Im^i, Im^„) G IR." and one can define the map C" M" : C Im^. In particular 
from the section of preliminaries of this paper we have that if Im^ e M" is of log-type then e''^™^' € M and 

e-«C := [(e-"^-),] 

is a well-defined generalized function in ^(M"). 

Theorem 3.9. Let P{D) he a partial differential operator of order m with coefficients in C such that 
P is invertible in some point of M" and let N{P) the set of all zeros of P in C" with imaginary part of 
log-type. 

(i) If P{D) is Q-hypoelliptic then there exist c e M and a > such that 

v(|ReC|) > c + v(e«l''°^l) 

for allCeN{P). 

(a) If P{D) is Q°° -hypoelliptic then 

v(|ReC|) > 

for allCeN{P). 

Proof, (i) By Theorem 3.2 we know that if P{D) is C/-hypoelliptic then it admits a t/-parametrix in 
jCh{Qc{^'"),C) which belongs to Q outside the origin. Making use of a cut-off function ip identically 1 in a 
neighborhood of the origin we can assume that there exists F e Ch{G{^^),'C) and v G Qc{M.'^) such that 

P{D)F = ta{5) + v 

in £{g{R"), C). Let now C S N{P). As observed above e"'^? e ^(M;') and therefore 

P{D)F{e-'<) = l+v{e-'<). 
At the level of representatives this means that 

P,{CM{Ce) = l + V,{Ce)+ne, 

where (Ce) is a representative of C such that (el'™^=l)£ e £m, ('^e)^ € N' and^denotes the Laplace-Fourier 
transform. The net of distributions {Fs)^ e f (M")(°'^l fulfills the following condition: 

3/<:(EM"3ieN3Af eN3r?e (0,l]VueC°°(]R") \F^{u)\<e-^ sup \d"u{x)\. 

\ct\<j,xeK 

Hence for all £ e (0, 77] we obtain 

i^;(Ce)i<£-'^(i + ic.iFe*i''°(f=)i, 

where b depends only on the compact set K. It follows that the net (i^e(Ce))e is moderate and since 
P(C) = in C we conclude that 

(3.34) Ve{Ce) = -l + n'„ 
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where {n'^)e & -A/". Assuming that the generahzed function v has suppw C {x : \x\ < a} from Proposition 
1.6 we have that 

VM G NBA^ e NBr? e (0,1] VeS (0,7?]VCe C" \ve{C)\ < £"^(1 + |C|)"^e''l^'"^l. 

This combined with (3.34) leads to 

|-1 + <| <£-^(l + |C.|)-'e«l''"^^l, 

where A'' does not depend on ^ = [(C£)£] S N{P). Choosing r] small enough such that | — 1 + > 1/2 
for all e e (0, ry] we can write 

(3.35) Id < 2e-^e«l''°^-l. 

(3.35) proves that there exist c e M and a > such that 

v(|ReC|) >c + v(e"l^'"^l) 

for all C&N{P). 

(ii) If the operator P{D) is c;°°-hypoellptic then by Theorem 3.2 wc find F € £b(t/(R"),C) and v e 
g^{R"-) such that P{D)F = Ld{d)+v in £{g{W),C). Moreover, since v is e;°°-regular from Proposition 
1.6 and Theorem 1.8 we obtain that 

3N e NVM e N3f] e (0,1]V£ e (0,77]VCe C" |u,(C)| < £"^(1 + ICD^'^'^c"!^"^!, 

with suppt; C {x : |a;| < a}. Arguments analogous to the ones adopted in the first case yields that the 
assertion 

37VeNVMeN3r/e (0, 1] V£ e (0, r/] (1 + ICel)^ <2£-^e°l^'°^=l, 

holds for all C e N{P) with N and a independent of C- Therefore for all M e N 

v(|ReCI) > ^ >- 

or in other words v(|ReC|) > 0. □ 

In the sequel we collect some remarks and examples concerning the previous statements. All the consid- 
ered polynomials P have the corresponding weight function P which is invertible in some point ^o- 

Remark 3.10. 

(i) The assumption of log-type on Im^ cannot be dropped in the definition of the set N{P). As a first 
example consider the operator P{D) = —i[{e^)^]dxi + where r > 0. Its symbol is P(Ci,$2) = 
[(£'')e]^i + i^2- By Theorem 3.5(i) we know that this operator is CJ-elliptic and therefore ^-hypoelliptic. 
For any real number c it is possible to find a zero C — (Cii C2) G of P with Im^ not of log-type and 
such that v(|Re^|) < c. Indeed, for ^1 = [(£° +ie'^ ~^)e\ and C,2 = [{—s'^ +ie'^ ^^)e]j where c. < min{c, r}, 
the corresponding ( G C"^ satisfies P(C) = 0, has Im^ = [{s'^ ~^)s, i^" '^^)e] which is not of log-type and 

v(|ReC|) = c' < c. 

(ii) Take now P{D) = —i[{a^)^]dxi + ^2:21 where < a,^^ and («7^)f is a slow scale net. From Theorem 
3.5(m) we have that P{D) is ^""-elliptic and therefore 5°°-hypoelliptic. We can find a zero ^ G 

of the polynomial P such that Im^ is not of log-type and v(|ReC|) < 0. In detail, ( = (Ci)C2), Ci = 
[{a-^e-^+ie-%], C2 = [{-a,s-^ + is-%] and v(|ReC|) = -1. 
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(iii) The existence of a zero C of with classical imaginary part such that v(|ReC|) < it is sufficient for 
deducing that the corresponding operator is not 0°°-hypoelliptic. As an example take again the operator 
P{D) = -i[{e'-),]d^, +d^, with r > 0. The point C = ((1,(2) with Ci = + and C2 = [{-e^ + i),] 
has v(|ReC|) = —r and the operator P{D) is not tJ°°-hypoelliptic. Indeed, the generalized function 

u = [(e^*^!^"''-^^^))^] satisfies P{D)u = but w ^ g°^-{R'^). 

(iv) Finally, let us study the operator P{D) = D^^ —Dx2- K is not 5-hypoelliptic since the basic functional 

T{u) = / u{x, —x)dx 

in £(5c(K^),C) solves the equation P{D)u = 0. We easily see that we can not control the valuation of 
the real part of the zeros of P. This is due to the fact that every Q = (C11C2) with ReCi = ReC2 and 
Im^i = Im(^2 has the property P(C) = 0. 

4 Examples of fundamental solutions and a structure theorem 
for basic functional in the duals C{gc{W)X) and £(^(R"),C) 

This section is devoted to collect some interesting examples of fundamental solutions and to discuss their 
properties and applications. 

4.1 Examples of fundamental solutions 

4.1.1 Ordinary differential operators virith Colombeau coefficients 

The simplest nontrivial ordinary differential operators (with Colombeau coefficients) are the first-order 
ones of the kind 

L = a, 

ax 

where a G C. We look for the fundamental solutions of L that is for all functional T G £(5c(K), C) such 
that 

We begin with the following proposition on the equation = in £(C/c(K), C). 
Proposition 4.1. Let T e £{gc{R),C). If £t = then T = A G C. 

Proof. Let (po € C^(M) such that J (l)o = 1. Every u G Gd^) can be written as follows: 

(4.36) u= (u— / u{x)dx (po I + / u{x)dx(j)o 



We denote the first and the second summand of the right-hand side of (4.36) by Ui and U2 respectively. 
Note that Ui is the first derivative of the Colombeau generalized function 

v{x) = - J u{t) - i^j u{y) dyj (f>o{t) dt, 

element of GdS.). Hence, 

T{u) = T{ui + U2) = T{v') + T{u2) = j u{x)dxT{(f>o). 
This completes the proof. □ 
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Proposition 4.2. 



(i) All the fundamental solutions of the operator L = are of the form 

E = ia{H) + A, 

where A G C and H is the Heaviside function. 

(a) Let a G C with real part of log-type. All the fundamental solutions of the operator La = — a are 
of the form 

E = idiH)e"-'' + Xe"" , 

with A e C. 

Proof, {i) It is clear that -^Ld{H) = i-d{S). Let F G £{Oc{^),'C) be another fundamental solution of the 
operator L = ^. Then ^{F - id{H)) = 0. From Proposition 4.1 we have that F - Ld{H) G C. 

(ii) Since the real part of a is of log- type, e"^ is a well-defined generalized function in Q{M.). If £J is a 
fundamental solution of La = ^ — a then e~"'^E is a fundamental solution of L = Indeed, 

-f-(e-''^ = -£;(e-"^u') = -£;((e-"^u)' + ae-"^u) = lASMu). 
dx 

The first assertion of this proposition implies that e~°''^E = td{H) + A for some A G C and therefore 
E = i,d{H)e'''= + Xe"^ . □ 

Corollary 4.3. Let a G C with real part of log-type. U = e"^ is the unique solution of the problem 

U'-aU = 0, C/U=o = 1 

Proof. Clearly o"^ is a solution of the problem. Assume that T G £(CJc(lR),C) is a solution as well and 
take a fundamental solution E of the operator La — — a. It follows that i? + T is a fundamental 

solution of La- Proposition 4.2(m) yields the equality T = Ae""^ for some A G C. Finally, since T\x=o — 1 
we obtain that A = 1 and that T = e"^. □ 

Remark 4.4. The assumption of log-type behavior on a gives a specific form to all the fundamental 

solutions of the differential operator i„. This means that when Rca G M is not of log- type we cannot 
exclude of finding a fundamental solution in £b(Sc(K), C) but we surely loose the freedom of generating 
any fundamental solutions by making A vary in C as in Proposition 4.2(m). As an explanatory example 
let us consider a G M which is not of log-type. The not of distributions E^ = c"-^^H{x) — H{ae)e°'^^ 
solves the equation La,E^ = 5 for all e and generates a basic functional in C{Qc{p^), C). Indeed for every 
/ G C^(M) with supp/ C {a; : < r} we have that if < then 



r+oo 



r+oo 

/ e"=^/(a;) dx 
Jo 



and if > then 



\Ee{f)\ = 



- f e-^^yix) 

J — OO 



dx 



< r sup \f{x) 

|a;|<r 



< r sup \f{x)\. 

|x|<r 



Note that {H{as))e defines a generalized number in R and makes us deal with the exponential e"=^ only 
when a^x is negative. 
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Proposition 4.2 can be extended to differential operators of higher order. As an explanatory example we 
consider the fundamental solutions in C{Gc{^), C) of the operator of second order 

ax'' ax 

where b,c € M.. This requires the notions of exponential of a matrix, in particular of the matrix M = 
^6 ) ' ^^^'-^ entries are generalized real numbers. We can now state the following proposition. 

We recall that a e M is strictly positive (i.e., positive and invertible) if there exists some representative 
(ae)e and some r > such that > e'' for all e small enough and that a is strictly negative if and only 
if —a is strictly positive. We can now state the following proposition. 

Proposition 4.5. Let b, c be generalized real numbers of log-type and A = 6^ — 4c. The formula 



(4.37) e 



xM 



E 



.=0 ^ 



gives a well-defined matrix of generalized functions in Q°°{M.) when 
(i) A = 

or A is invertible and in addition 
(a) positive 
(Hi) or negative, 

Moreover, 

(Hi)' when A is strictly negative and the log-type assumption on c is dropped, 
the formula (4.37) defines a matrix of generalized functions inQ{M.). 

Proof. The proof of Proposition 4.5 is essentially done by arguing at the level of representatives and 
applying the well-known classical results on exponentials of operators (see [13, Chapter 3]). In detail, 
one can write as 



(ii) 



{Hi) 



4 2 



e- 



1 I \ f e-^i \ / \ , -6±VA 



Ai A 



c,x\2 



A2 — Ai 



1 \ ^xa f cos{Px) —sin{Px) \ —1 f a —1 \ ^_ b ^_ 



pal \ sm{Px) cos{px) J (3 \ P J ' 2 



It is clear that if b is of log- type and c is an arbitrary element of M then e"^" G G°° (R) and cos{Px) , sin(/?a;) G 
GiR). □ 

Under the hypotheses of Proposition 4.5 the equalities ^e^^ = Me^*^ = e^^M and (e^^)-i = e"^^ 
hold in the Colombeau context since they hold at the representatives' level. 
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Remark 4.6. A direct application of Proposition 4.1 entails that if i? is a n x p matrix with entries in 
£(5c(R), C) and -j-R = then J? is a matrix with entries in C. In addition, a combination of Proposition 



4.1 with Proposition 4.2 (i) proves that if R 



Ri 

R2 



, i?2 G £(t/c(ffi), C) is a solution of the equation 



ax 







then Ri = c\ and i?2 = id{H) + C2 with ci, C2 € C. 



It is now immediate to state Proposition 4.7 whose proof is left to the reader. 

as in Proposition 4-5. All the solutions U ■ 



Proposition 4.7. Let M ■ 

£(ac(M),C) of 

(4.38) 

are of the form 
(4.39) 

with c\,C2 S C. 



1 
-c -b 



— U = MU 
ax 







u = td(ir)e" 



M 











+ e-^( 





We finally come back to the second order operator 

ax'' ax 

where b,c G R. Eg jC{Qc{M.),C) is a fundamental solution of L if and only if U 



Ui 
U2 



E 
E' 



, ui,u2 e 



satisfies 



(4.38). Under the assumption of Proposition 4.5 concerning the corresponding matrix M, we conclude 
that all the fundamental solutions E of L can be generated as the first entry of the product of matrices 
in (4.39) with Ci,C2 varying in C. 



4.1.2 Partial differential operators with Colombeau coefficients 

We provide some interesting example of partial differential operators with Colombeau coefficients and we 
investigate the G- and ^°°-hypoellipticity starting from a fundamental solution. 

Example 4.8. Let us consider the operator 

P{D) = - ^Dy, 



where a, 6 e M are strictly positive. The basic functional E given by 

u u ± r'27r p+oo 

I ^—S- 1/1 dx dii = — / 

is a fundamental solution of P{D). Indeed, for / G C^(IR^), K g M^, we can write 



1 f a b 1 f^^ /■+00 

— / ^-TT — Us{x,y)dxdy = — / / {cos6—is,va.6)us{a~^pcos6,b~^psm.6)dp 

2-JT Jr2 tteX + ibeU 2-K Jq Jq 



de 



1 



271- J^2 a^x + ibey 



f{x,y)dxdy 



f'2-n /.C(i^") inax{ae,6e} 

lim — / / (cos9 — ism0)f{aj^pcos0,b~^psm6)dpd9, 

R^O 2-JT Jq Jji 
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where the constant C depends only on the compact set K and then for some N and for all e small 
enough we obtain the estimate 



^ / — f{x,y)dxdy 
27r a^x + ibeV 



<C{K)m.&^{as,hs} sup \f{x,y)\<e sup \f{x,y)\. 

{x,y)eK {x,y)eK 



Working at the level of representatives the action of P{D) on E is the following: 



lim — / / —dpUs{a~^pcos6,bJ^psm6)dpd6 — —— / / - deUe{aJ^pcos9,b~^psm9)dpdl 
R^o 2-K Jo 2tt Jo J p. p 

= lim — / Ue{aJ^Rcos0,bJ^Rsme)de = Ue{0,0). 



Outside the origin the functional E belongs to Q. Indeed -E|]a2\Q = 2n(ax+iby) ■ ^^^^^ -P ($1)^2) = 
+ p'Cl + ^ + ^ is invertible in every point of M^, by Theorem 3.2 we conclude that P{D) is 
^-hypoelliptic. Hence, every fundamental solution of P{D) in jCb{Qc{M.'^),C) is of the form 

T = E + v, 

where v G Q{M.'^) is a solution of the homogeneous equation. More precisely, since the holomorphic 
generalized functions of are defined as the solutions in Q{M?) of the equation 

du .du Q 
dx dy ' 

it follows that v = w{a-,b-) with w e Qni^)- 

If, in addition to the previous hypotheses, a and b are of slow scale type and slow scale invertible then 
-E'|e2\o e Q°°{M? \ 0). Hence, P{D) is C/°°-hypoelliptic and every fundamental solution of P{D) in 
Cb{Qc{^^), C) is of the form T = E + w{a-, b-), with w e fe(IR^). 

Example 4.9. We study the perturbation of the Laplace operator in given by 

P{D) = -arDl^ - a2Dl^, 
where ai, a2 G K are strictly positive. The basic functional E generated by the net of distributions 



27r VVai.e a2,e / \/aT7 \/a2 



is a fundamental solution in £(C/c(K^),C) of P{D). Wc can easily check that (£^e)£ defines a basic 
functional. Indeed, for / G C^ (IR^), K d M'^, we can write the previous integral as 

lim — / / plogp /{y/oT^ p cos 9, y/a^p sin 9) dp d9, 

R^O ZTT Jo Jfi 

where the constant C depends only on the compact set K. Hence, denoting C{K) max{-^;=:, ^^^^^ } by 
Cs{K) we obtain the following estimate 

\E,{f)\<\{\cl{K)\ogC,{K)~-Cl{K))\ sup 2/)| < e"^ sup \f{x,y)\, 

valid for some N gN and for all e small enough. 

The polynomial ^^(^1,^2) = (aiCi + ^2^2)^ + + 4a2^2 + ^a? + is invertible in any point (^1,^2) 
of and it is clear that outside the origin E belongs to Q. Hence by Theorem 3.2 the operator P{D) 
is t/-hypoelliptic. Moreover, if the coefficients ai and a2 are of slow scale type and slow scale invertible 
then E\^2\o e Q°°{M.^ \ 0) and P{D) is a°°-hypoelliptic. 
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4.2 Structure theorems for Ck{g^{W),C) and C^{g{W),C) 



It is clear that a distributional fundamental solution tz; of a classical partial differential operator P{D) 

(regarded as a generalized operator) is a fundamental solution in the dual C{Qc{^"), C) in the sense that 
P{D)bd{w) = Ld{5)- In this subsection we investigate the structural properties of the spaces £b(5c(K"), C) 
and £b(^(K"),C) by making use of the distributional fundamental solution 

of the operator {di...dnY ■ From what said above it follows that 

{di...dnfid{E^,)=ia{5) 

in£(ge(M"),C). 

As a preliminary step to our structure investigation we introduce the notion of finite order in the dual 
C{Qc{^^), C). This employs the following spaces of generalized functions obtained by equipping Q{^) and 
QciS^) with different topologies where we fix the order of derivatives. In detail, let us fix m € N. We 
denote by the algebra Q{Q) equipped with the family of ultra-pseudo-seminorms {VK.m]K<^Q, 

and by Q^{^) the space Qk{^) endowed with the topology of the ultra-pseudo-seminorm 'Pgj^{a),m- Fi- 
nally G™{^) is the strict inductive limit of the locally convex topological C-modules {Gi({^)}Kmn- By 
construction it is clear that any of the previous spaces of order m+1 is continuously embedded in the corre- 
sponding of order m. It follows that C{g-^{n),C) C C{g^+\n),C) and C{g"'{n),C) <^C{g'^+^{n),C). 
In particular, since g^fl) C gj^{Q) and 0(0) C ^'"(Q) for all m we have that jC{g^{n), C) C £(e?c(fi), C) 
and jC{g'^{n),C) C j[:{g{n),C). Thisjneans that the duals of and ^"(O) can be regarded as 

subspaces of £{gc{^),C) and C{g{fl),C) respectively. 

Definition 4.10. We call the elements of [JmeN^iS^i^)^'^) ^ £(^c(^^),C) functionals of finite order. 

By the definition of C{g^{n),C) we easily see that if T e C^g^in), C) then d"T e £(5^"^'"' 
Proposition 4.11. 

(i) Every functional in £{gc{^),C) with com,pact support is of finite order. 

(a) IfT is a basic functional in £(^0(^)5 C) defined by a net distributions {Tg)g e r>""(f2) such that 

(4.40) yK <s n3N €N3c> 03r] e {0,l]yf € C'^{n)ye € {0,r]] 

\Te{f)\ < cs-"" sup |a«/(ar)| 

x^K, \a\<m 

thenT e C{g^{Q),C). 

Proof, (i) If T e £(tJc(^^),C) has compact support then taking a cut-off function tjj identically 1 on a 
neighborhood of suppT we can write T{u) = 4>T{u) for all u G gd^)- Since supp^u C supp'^ = ii' by 
the continuity of T it follows that there exist m € N and C > such that the inequality 

\T{u)U < CVg^^a),m{i^u) 

holds for all u e ^?c(^^)• Hence, T e C{g^{Q),C). 
{ii) The assertion (4.40) implies 

\T{u)U < CVg,ia),M 

for all u e fe(fi) and for all if g 12. This means that r|gm(Q) is continuous for all if g f2. Therefore, by 
the notion of strict inductive limit topology we conclude that T is a continuous functional on g^{Q). □ 
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As a special example of functional of finite order defined as in Proposition 4.11(ii) we have the functionals 
T e £{Gc{^,'C) determinated by a moderate net (Te)^ of continuous functions, which are therefore 
elements of C). 

We are now ready to prove the following structure theorem for basic functionals. 
Theorem 4.12. 

(i) The restriction of a basic functional in £(C7c(R")j C) to a bounded open set fl C M" is a derivative 
of finite order of a functional in C) defined by a net in Mc{n) ■ 

(ii) IfT€ £b(5(K"'),C) then there is an integer m > and a set of functionals T„ € jC{g°{M"),C) 
defined by nets in A^c(M") for \a\ < m such that 

T= J2 ^"^«- 

\a\<m 

Proof, (i) Since fl is boimdcd wc can find a cut-off function ?/' € C(?°(R") identically one on fl. Then, 
^T\n = T\a and i^T G £b(^?c(IR"), C). Let (Te)^ G 7W(C;?°(M"), C) be a defining net of T. It follows that 
(V'T'e)e is a net of distributions of finite order and more precisely 
(4.41) 

3iV,MGN3C>0 3r7G (0,1]V/gC°°(M")V£G (0,r/] \{^pT,){f)\ < Ce''^ sup \d"f{x)\. 

X Gsuppi/j , I a I < iV 

By the considerations at the beginning of this subsection we have that 

(4.42) xPT, = {di...dn)^+^EN+2 * ^PT, 

for all e G (0, 1]. By [2, Theorem 5.4.1] we already know that the (E'jv+a * 4'Te)e in (4.42) is a net of 
continuous functions. So, the theorem will follow once it is shown that £'jv+2 * V'^e is C(M")-moderate. 
This is clear by the fact that En+2 S C^(M") and that (4.41) holds for all / G C^(M"). Hence, for all e 
small enough we can write 

sup \{En+2 * = sup \ijT,{EN+2{x - •))! < Cs-^ sup \d^EN+2{x - y)\. 

xeifigK" xeK xeK,yesuppip,\a\<N 

Concluding, * ''pT\n is a functional in £(^/^'(il), C) and is defined by a net in A4c(n)- 

(a) If T has compact support then it can be written as tpT with tp G (fl) identically 1 in a neighborhood 
of suppT and Q bounded subset of R". For all u G ^?(M") we can write T{u) = tpT{u) = T{ipu) = 
T\n{tp'^)- By the previous assertion we know that T\q = d"F where F G £(^°(0),C) is defined by a net 
in M.c(n)- Assume that |a| = m. By Leibniz's theorem we get 

T{u) = d"F{^u) = J2 5"'((-l)'"""''i^S"-"V)(u), 

a'<a 

where every Fd°'~" tp is a functional in £(^°(R"),C) determined by a net in A4c{Rny □ 

Remark 4.13. It is clear that the assertions of Theorem 4.12 hold for basic functionals in jC{Qc{^), C). 
More precisely we have that the restriction of a basic fimctional in C{Qc{^),'C) to a relatively compact 
open subset ^' of f2 is a derivative of finite order of a functional in £{Q^{Q'),C) defined by a net in 
Mc(Q')- Prom this result it follows that the statement concerning functionals with compact support is 
valid with R" substituted by Cl. 
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5 Appendix: 

solvability of the equation P{D)u = 
tional in C{Q{W)X) 



V when ^' is a basic func- 



The problem of the solvability of the equation 

(A.l) P{D)u = V 

when z; is a basic functional with compact support has been already approached in Section 2 (Theorem 
2.6) as a straightforward application of the existence of a fundamental solution in £h{Qc{M.^),C) for 
the operator P{D) = J2\a\<m'^o'D°' with constant Colombeau coefficients. In this appendix we provide 
a deeper investigation of the equation (A.l) which will involve estimate of Bp.fc-type. Our results are 
modelled on the classical theory of Bp^k spaces developed by Hormander in [14, Chapters II, III], [16, 
Chapter X] and will give more precise analjd;ic information on the basic functional which solve (A.l) in 
the dual £(ac(K"),C). 

We recall that JC is the set of tempered weight functions defined in [14, Definition 2.1.1]. We begin by 
introducing the following notion of moderateness for nets of tempered distributions. 

Definition A.l. Let fce/C, l<p<oo and {Pe)e be a net of polynomials of degree m. We say that 
{Ts)s € J^'(R")(°'^1 is (-Bp ^p-)e -moderate if (Te)^ is a net of functions and there exists 6 e M such that 
||fc^5;||p = 0(£*') ase^Q. 



It is clear that when is identically 1 then we have the notion of i?p_fc-moderateness, i.e., {Te)e is an 
element of At^p ^(R")- Moreover, since for any / e C^iW^) we can write 

|T.(/)| < llfcWIlp \\{fY/kPe\\p>, I/P+I/P' = 1 

from (2.15) and the properties of the weight function k it follows that any {B^ j.^)£-moderate net {Ts)s 
defines a basic functional in jC{Qc{M.'^),C). 

We collect now some properties of {B^ ^^)£-moderate nets which will be useful in the sequel. 

Proposition A. 2. Let P be a polynomial with coefficients in C such that P{^) is invertible in some point 
^0 and let {Pe)e be a representative of P. 

(i) If{T^)e G J5^'(M")(°'il is {B^ J e -moderate and ip e ^(R") then (ipT,), is {B^ ^jr)^ -moderate. 

(a) If (Ti^e)e G f'(K")(°'^^, with suppTi^e C iiT (E M" for all e, is {B^^^^pje-moderate and (Ta,^)^ G 
^'(R")(0'il is BooM-'^oderate then (Ti^^ * T2,e)s is [B^ ^^^^j^J^ -moderate. 

(Hi) Assertion (i) holds when (Ti.j)^ is [Bp^^-^)^ -moderate and {T2^e)e is {B^ ^^■p)^ -moderate. 

(iv) If {Tg)s is {B^ i^pr)s -moderate then {Pe{D)Tg)g is Bp^k-moderate. 

Proof, {i) Applying Theorem 2.2.5 in [14] and in particular the inequality (2.2.9) to (Te)^ and (f for fixed 
£ we obtain that (ueTe)^ is a net of distributions in ^^(M") such that 

where 

^k,pSO ■■= sup ~ ■ 
r,eM" kPs{r]) 
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The estimates (2.14) and (2.15) imply for M^jr the bound jr(0 < (1 + C'll^l)'"' valid for some 
constants Ci and mi, for all values of ^ and for s small enough. Making use of this result we conclude 
that there exist eq € (0, 1] such that the estimate 

ii^iii,M,^ = iiM,^(e)^(oiii< / (i+cii^i)™ni + i^i)-"-'-'"^rfc sup{i + \^\r+^+^^\m\<c2 

holds for all e G (0,£o]- As a consequence, since by assumption ||Te||^^^ = 0{s~^) for some 6 e M by 
(A. 2) we are lead to ||<^Te||p = 0{s~^). This proves that {ipTg)^ is {B^ ^^)£-moderate. 

{ii) We begin by observing that if the net (Ti,,,)^ e f'(R")(°'il fulfills the property suppTi^^ C isT g M" for 
all e, then it coincides with (pTi,^ when Lp € C^(R") is a cut-ofF function identically 1 in a neighborhood of 
K. Since (T'l^e)^ is {B^ ^^^)e-moderate from the first assertion of this proposition we have that ((/jTi^e)^ is 
{B^ ^ p-)e-moderate as well. Since {(pTi^s)^ is a net of distributions with compact support which belongs 
to B^ fc^jr(K") and {T2,e)e e ^'(R")(°'il is S^o.fea -moderate, from Theorem 2.2.6 in [14] and in particular 
the inequality (2.2.11) we have that {(pTi^e * T2,e)e e {B^ feife^i^ ^^'^ 

(A.3) llv'Ti,, * T2Jl ,^,^jr < yTi,s\\pMPe ll^2,e||oo,fe 

for all e G (0, 1]. It follows that (Ti.g * T2^e)e is {B^ ^.^^.^^^ )e-modoratc. 

(iv) If (T,), is (B ^^)e-modcrate then \\kPeT,\\p = 0{s'') for some 6 € R. Take now the net of tempered 
distributions {P^{D)T^)^. Since PJjyjfe = Pjf^ and 

\\kP7{D)T,\\p = \\kP,%\\j, < llfcWIlp 
for all e e (0, 1], we conclude that {Pe{D)Tg)s is Bp^fc-moderate. □ 

The notion of moderateness with respect to the net {B^ ^p-) can be expressed locally as follows. 

Definition A.3. Let k £ JC, 1 < p < oo and {Pe)e be a net of polynomials of degree m. We say that 
{T^)e G ^'(K")^"'^' locally {B^^^jr)^ -moderate (or {T^)e is {B^°''^~)e -moderate) if for all (p G C^{W) 
the net {^T^)^ is {B^ -moderate. 

Any (-B'°^ — )£-moderatc net (Te)g generates a basic functional in £(^c(R"),C). The results on the 
convolution product of Proposition A. 2 can be extended to locally {B^ ^^)£-moderate nets. 

Proposition A. 4. Under the assumption of Proposition A. 2, i/ (Ti_e)g e £'(R")(°'^1, with suppTi^^ C 
K ^ M" for alle, is iBp,k,)e-moderate and {T2,e)e € P'(M")(°'il is (B''°\ ~)^-moderate then {Ti^e*T2,e)e 

OO J K2 -t e 

is (B^°'^ ~)s-moderate. 

p,kik2Pe 

Proof. Let if e C^(R"). We choose Vi € C^(R") identically 1 in a neighborhood of the compact set K 

and tp2 G C^(R"') identically 1 in a neighborhood of supp(/3 — supp'01- We can write ip{Ti,^ * T2.e) as 
ip{'tpiTi^g * ip2T2,e)- Hence from Proposition A. 2 we have that (^iTi^e)^ is -moderate, {ip2T2,e)e is 
(-B^ fc2pr)£-moderate and finally (<^(V'iTi,e * '4'2T2,e))e is (Bp_^^j.^^)£-moderate. 

□ 

Remark A. 5. We are now able to give a more precise description of the fundamental solution E of 
P{D) provided by Theorem 2.3. Let P{D) be a partial differential operator with coefficients in C such 
that P(^) is invertible in some G K". For every representative {Pe)e of P and every c > there 
exists a fundamental solution E G £b(^/c(IR"), C) of P{D) which is defined by a (B|^^~)e-moderate net 
of distributions {Es)s and such that {E^/ cosh(c|a;|))£ is (B^ ^)£-moderate. 
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The existence of a fundamental solution with the previous moderateness properties entails the following 
result of solvability. 

Theorem A. 6. Let P{D) be a differential operator P{D) with coefficients in C such that -P(^) is invertible 
in some S R" and let v G jCh{Q{^"), C). Ifv is defined by a Bp^k-moderate net {ve)e, then the equation 

P{D)u = V 

has a solution u € £b(5c(IR")) C) which is given by a {B^°'j^~)e -moderate net {us)e- 

Proof. By Remark A. 5 we know that the operator P{D) admits a fundamental solution E G £b(^/c(K"), C) 
which is determined by a (B^'^~)£-moderate net {Es)s. Since {ve)s is Bp^fe-moderate and by Proposition 

A.2(i) it is not restrictive to assume that suppw^ C K M" for all e, by Proposition A. 4 wc conclude 
that {ue)e '■= {vs * Es)e IS (i?'°^~)e-moderate and defines a solution u G £b(5c(K"),C) of the equation 
P{D)u = v. □ 
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